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New Look at Analytical Data Through the Gnostical Method
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The gnostical theary represents a new, powerful approach towards evaluating data files. This paper describes
the application of a gnostical analyser which may help in finding outliers, testing the homogeneity of sets of
data and classifying individual data. As an example, its use for ascertaining the recommended values for
reference materials is demonstrated by means of homogeneous and heterogeneous sets of data.
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New analytical procedures may best be verified by analysing
certificd reference materials (CRMs) with well established
concentration values for the constituents to be determined.
Apart from this, CRMs arc also important for guality
assurance and quality control in analvtical labomiories. The
determination of the true analvie concentration in a CRM
from experimental data is therefore an important task toward
which the cfforts of many workers have been directed.

The list of papers dealing with this problem and using
statistical methods s fairly extensive, The datn ta be treated,
however, do not dlwiays represent o homogenous populition.
In such instances. wbust estimators less susceptible to
non-homogencities in expenimental data have been applicd by
many workers, '~ but the ouweome has often been dubious, if
not frustrating.** In this paper we deseribe the application of a
new por-statistical “goosticul” method.

The gnostical theory (GT) s an axomatic—deductive
mathematical theory, It has been developed as an alternative
to mathematical statistics for the treatment of data containing
uncertainty. having a statistical model that s sot known, or
data with o statistical characterization that docs not ad-
cyuately describe the essence of phenomeni. The GT may
also be suceessfully applied 1o data for which. for various
reasons, a limited number of observations or measurements
are available, fe.. the quality of inflormation is poor or the
data are influcnced by the contribution of @ rire, but strong
dhisturbance of an undefined character,

During the development of GT programming. five different
clisses af gnostical programs have been distinguished, Qe of
them. the gnostical analysis discussed in this work, may be
applhied for in-depth amalysis of hmited data files. robust
cstimations of expectancy or probability of phenomena.
distribution functions of data files and their density, robust
cluster analvses. investigation of file homogencity and of the
cyuivalence or diversity of two or more files. robust ¢stima-
tions of location parameters and of scale parameters of
individual clusters and classification of individual dota accord-
ing to the degree of their relevance to individual clusters.

Gnostical Theory of Uncertain Data

Sound data deserve to be given greater weight than unsound
data, However, two problems exist in this connection: (1) how
to distinguish the unsound data from the sound dataz and ()
how 1o optimize the weights to make maximum use of the
mformation.,

Heurnistic approaches cannot ensure either optimization or
the universal applicability reguired by practice. It is well
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known that ‘the most practical toal s a pood theory”.
Unfortunately, a good theory of such a complex problem
cannol be both simple and directly acceptable by way of some
‘common sense” considerations. 1n contrast to other theories
invalving uncertainty, the GT of data files is based on an
axiomatic theory of an individeal uncertain datum and on a
data composition axiom. The axioms of this theory have a
simple algebraic nature. To illustrate the functions of the GT,
first the main equations will be described.

Consider the ith real-valued A, (an -additive’ datum)
together with its ‘multiplicative’ equivalent,

£ = expl4,) (1

having a strictly positive value, For o positive real scale
parameter £, o real variable £ > 0 and for o sample of N data,
define the auxilinry quantitics

glzis) = (ZzpPH (2}
for use in the calculation of NV “hdelities™
flzs) = 2 Ugdz.5) + gilz.9)] (3)

and “irrelevancios’: _
hizs) = [Ugdzs) = gdz.o)l Vgdz.s) + glzs)] 4
Within the framework of the GT, irrelevance plays the role of

the distance between 2 and Z, the fidelity being the weight of
the datum Z,. Introduce the arithmetic mean

Ol
flzs) = Y filz.0)IN (5)

r=1
of the fidelities and define the symbol fi{z.5) for the
irrelevances analopously. Let wiz,s) be the function of weight
defined by the relationship
Waz,5) = [Azm]F + [Mz5)) if)

The distribution [unction generated by the individual datum
£ s then

Liz.s) = |1 + hiz.9)2 (M)
having the density
d|L.iz.5)] .
) == = fAlzsM(z) (8)

Al least two theorctical results of the GT are immediately
applicable to the data fAles provided by analytical chemistry,
i.e., the two types of data distribution functions {DDF), glohal
(GDF) and local (LDF). These functions play a rale analogous
to the probability distribution functions. The field of applica-
tion of the gnostical distribution functions is, however, much
hroader, as these functions do not rely on some statistical
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assumprions or probabilisne concepts. They characterize the
dita patterns and expectations of the subject deduced from
their particular shape. For o weak influence of the ancertamiy
of the data, e, minor data errors, the two gonostical DDFs
differ to only a neghgible extent. However, their behaviour
may be dilferent for major data errors, This is o desirable
feature thonr makes these pnostical DOFs very useful for
anstlyses of totally differcnt types of data files.

The LDF Liz.x} is simply the arthmetic mean ol the
Jdistribution functions [ego. (71 of indivicdaal deta:

W
Lizsy = 3 WzsWN
i= | {9y

The GDF Gz is obtained wsing the function of weight w
|egn. (6]

Glzs) = X Ifzsinizs) (10)

v
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The LDF is a relatively umversal instrament which can be
applied even to duta files contaming ron-homogeneitics such
as individual subclusters, The derivative of the LDF. culled
the data density funetion, his o malti-modal form. in which
each mode correspondds to o subcluster, Being o monotonous
function for an arbitrary daty file. the LDF can always be
determined. In the special case of the reasonability of o
stavistical merpretation of dota, the LDF |egn. (9] con be an
asvmiptotically consistent kernel estimate of the Poreen 1ypet
ol prebahility desteibations function, Loosuch o cose, the £ iy
used a% o source of o theoretically jostificd kernel which
penerates remarkably clear and smooth density curves, even
for smull duta fles. In the much more general case of data files
that s not sllow statistical inrerpretation. the equation ol the
DDF is still valid as o continuous mode] of the distribation ol
the expectation that o ‘new” datum of the same natare as the
ald” dhatan will have o cenain value. The LDF is locally robust’
i the sense tharits local form, corresponding to o subintervil
of o dota range, does not influence it form in another
subinterval. This is due to the steep descent of the gnostica!
kernel Jegn. (8)]

Unlike the 1LDF, the GDF has thearetical justification only
for special data files of homogencous tvpe. Such files should
have a  uwnimodal  dow density function, For o non-
homogencous dat file. the GDF may lose the fundamental
feature of a distribunion funpction. s monotony 7 This foet
makes it possible o perform an efficient st of the
homogeneity of the dam files. The limited fexibility of the
GDF permits the esimanion of the proper scole parameter
which charcterizes the spread of the dam. Most unigue,
Boweyer, s the GDE. which 15 globally robust in the sense of
thwe low sensitivaty of i shape with respect to the ‘ourliers” and
also to all the other “peripheral’ subelusters of the daw. This
feands toa highly reliable prognosis of mre events (ol values of
the GDFE (o very small or very lurge quantles). Sueh tasks
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often appear in practice o connection with rndom guality
controls, studies of lifenmes, efc, This type of gnostical
distribution function has no known statistical analogy.

The LDF and GDF differ substantially in their dependence
on the scale paramcter 5. Let AN) be the ‘empirical’
distribution function of the dma ke The funcoon FIAN) has
the known [orm of anaeregalar stairense. The LDF of the sume
sample cin be made w approach the FIN) as elose as required,
Chowsing o sulficiently small positive valoe for the s parameter.
P cortrast . the marcmun distmee of the GDE hos o minimem
for o “hest” v, which can be recognized as a robust estimate of
the scale parameter 5. Henee the GDF is as close as possible 1o
the FIANY. The choice of 5 derermines the resolution power of
individual clusters of dat files.

An overill survey of the G, with o detailed deseription of
the mathematics involved., can be found elsewhere ®

Application of the GT in Analytical Chemistry

In rowtine proctice, the evaluntion of data is wsoally corried
out by sianstical caleulaions. The accurocy of an analyiical
procedure miy best be verifivd by analvsing CRMs with well
estiblished recommended” values (R For rock CRMs, the
RVs ure usunlly derived from round-robin tests with the
participation of many  laboratories. 10 the central values
{locaton parameters P for particular elements derived by
statistical evilwation of the data are mostly concordant, the
assignment job is relatively ceasy’ oand the BV mav be
vatphhished from e varioos conteal saloes, T the /oare
eliscordant, o devision s o b e os o the saatafality ol the
analftical methods emploved for the particulor concentration
levels, Some elements in the Perodic Table are notariously
troublesome for quanntative determination. which may be
demuonstrated by repeated analvses. Differences of as much as
100 or more are sometimes encountered. especially when
determining clement contents ot ulra-trace levels,

To demonstrane the possibalitics of the new non-statistical
et e mitical method discessed, we used dota trom the 1987
Compilation Report on the Adlsa Croig Giranite, AC-E. The
AC-E reference material, propored. with preal card. was
distributed 1o 128 laboratories in 29 countries. From the
submatted dato, RVs for many clements were successfully
established. Some clements were determined by o limited
aumber of laboritories only and for some elements discrepun-
cics it the results were evident. Two elements were selected as
examples to demonstrate the potential of the GT for evalui-
tion of results: first, the resalts for curopium, which represen
goudd concordance of reported datn., and second. results for
cohalt, which have a significantly heterogencous file of darm

Homaogeneous Data File

Thie results reported for curopium are @ good cxample of a
homoeeneous dora Ale. This clement was derermined an 41
labaratories. All the resalis are given in Table 1.

Tabde 1 Resulis for Eu ppm. For explanation of abbaeymtions used, see 1es1

Labaganary  Value Proscedire Labormory - Vilue  Procedune

| 1.3 EMN 11 .Y ENIN
u |4 CSP 12 J.uz Csp
X 1.6 [ i3 a2 EMN
4 1.7 [t 14 (RTE (WM
5 1.K . 1 15 | .44 L&
t 1.4 EMN It (R EMMN
T I EMN 17 |93 EMMN
N | M7 EMN 1% 1.9 EMM
u 1.5 Csp E (L EMN
L] 1.4 EMN 2n (R EMN

Laboeatery Value Provedure Labwratory - Value  Priwedurne

2 2 Csp il s EMMN
» 2 SP 2 2. csp
23 2 osp 11 il sp
M 3 NP i Xi EMM
25 3 LSNP 35 2ol EMM
i 2 EMM k1 an EMM
n 2 EMM » 13 5
et ] 23 EAMN B 3 C51
M 2oy EMN i 13 csp
i 205 AbM 40 268 EMN

41 il AsSM
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Each metlwnd s desspoaned By o three-leter eode. the first
etter padicatimg the method of sample preparation amd the Lt
two the method of determination ” For sample preparation, A
= gcud decomposition. B = fusion with fluxes, C = dissolution
+ separation, B = mixture with bullfers and E = simple
phvsical conditioning:  for determination, AA = glomic
absorption spectrometry (AAS) FX = X-ray Muorescence
spectrometry (XRF), SM = mass spectoometry, MN =
nuclear methods, SF = flame photometry and 5P = dircet
reading atomic emission spectrometry { AES).

For the first evaluation of data files the data were treated by
the GT wsing the GDF. The resulting distribution function,
presented in Fig. |, may help in investigating 1the file
homogencity. This type of estimate is based on the o prios
assumption that the tested data file s homogencous. T s
robust with respect to peripheral data (outliers). In Fig. | both
the distribution function and the density function of the data
file arc shown., The dotted lines indicate the degree for
poodness of Qi of the distribution function estimated by the
Kolgomorov-Smirnov test with plotied antervals for 10, 20,
S0, 95 and 99% probability. The central value for curopium
corresponding to the maximum of the curve was calculated w
be 2,007 ppm.
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Fig. 1 Global disirihution of the Eu data file, =, Concentration of
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Fig. 3 Cilobal destrbotion of the Eu data Tile after restriction of 4
e A Mk B, 20; ©, 500 1, 95 and Byt
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Even though the peak o Fige 1 appears clear. the
distribution curve was eealculpled asng the LDE madel.
which should distinguish local clusters in o data lile. The
rosuli, presented in Fig. 2. shows three small moxima.
obwiously corresponding to the values 139, |4, 2.68 and 3.1
ppm. These mav be interpreted as outliers. Alter their
exclusion. the caleulation of the global distribution was
repeated and the resall s presented in Fig. 3. The central
value caleulated according 1o the LDF model s LYS0 = 0109
ppm. Adter having climinated the outhers, it decreases to
1.970 ppm. The value of 0,109 ppm is the standard deviation
derived from the GT calculations.

In Table 2 this P is comparcd with the vanous
mathematical parameters reported in the AC-E compilation.”

The robustiess ol the GTlerived Iy omay be demonstrated
by the following example. The &, and the gnostical central
values (GUVs) were first caleulated from the entire number of
41 analvses. Then. the one-step restriction was cxecuted, this
means that the valwes 2.68 and 3.1 ppm were tnmmed ol and
x,, anel the GEVs were caleulated again from the remaining 3%
values. The comparison of the calculated results may be seen
in Table 3. The GOV evidently changes considerably less than
The arithmetic mean,

Heterogencous Data File

We selected a data set with non-homogencous resalts, at the
same concemtration level as curopium and with a similar
number of analyses, The dtkvalue file for cobalt from the
AC-E CRMY Tulfilled these requirements well. The cobalt
vallues have a great spread, rangmg from 007 w 10 ppm (see
Table 4).

The vutcome of the caleulation of the global distribution
from these data s presented in Fig. 40 The broad maximum
clearly refleats the wide range af the results reported. As the
congrireince between the GDF and the empinical distribution
function s poor, the datn Gle compol be considered as
hormioge neos. The data set was recalculated onee more, using
the LDF model. and the result is shown in Fig. 5, On the loenl
cdhistribution curve., three distinet maxima appear, the location
of which, as calculated by the GF, results in three differen
concentration levels for coball. namely 0.16: 1,39 and 4.9
ppm.

In Table 5 the central valucs, as reported for the AC-E
the compilation® but split according 1o the method of analyses
used, are given. A comparison with the resulis given by GT
immediately suggests that the three maxima correspond o
central values of the resulis by nuclear methods only, by
aptical spectrometnic methods (AAS + AES) and by XRF
spectrometry, respectively. 1t is worth mentioning that the RV
chosen was (1.2 ppm and was based on the puclear methods set
of data.

Table 2 Mathematicnl parameters ciloulated Tecwn A1 resalts for Eu®

Parameter N, M MG X bgw Ga 5 GOV
Value 41 2 2 1w 2 w0 [y |98

' The denved RY = 2 ppm Y N = sumber of analyses: M = median:
e = prelerred mean calculated after | £« elimination: 1, = gamma
central value; x, = arthmetic mean: MO = Gastwinh median: v, =
ECOMEINE MEAN: L., = domnant cluster mode; GOY = poostical
central value. For more informmition about the statidical parameters,
see el Y

Tahle 3 Comparson of robustness ({or definitions of parameters sec
Table 2}

Numberol resulis ' iy
41 TAMIT | LuRd

kL | wanl | u7d
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Table 4 Results for Co (ppm ). For explonanon of abbreviations used | see 1ext

Laboratory  Value Procedure: Labermtory  Valpe Procedure

Labormwory  Volue Procedure Labwratory Value Procedury

2l LS M EMN Al 44 H DFX
2 1 M AAA 32 s 4 EFX
23 2 M ASPE a3 fy = AsP "
b 1M ASP k] 6 4 BFX
5 2 M pAA 35 t H EFX
M MM FFX 3 7 ':[ [3FX
17 M AAA 3 7 EFX
w v Mo o Ak LN
0] s H erx 4 mq AAA
£l AT H DEX 41 I EFX

I (.17 EMN " na b EMN
2 D)= EMN 12 N2l EMMN
E 018 = EMN i1 n_sq AAA
4 (.13 L EMN 14 {16 EFX
g 14 L= EMN 15 L M AAA
f (1530 EMN 6 I pf ASPE
7 L% L=  AsP 17 I M EFX
M 02 e NN |5 145 M EMN
i 07 e EMN [ (.4 M AAA
10 AL EMN 20 .4 T EMN
07

dFdllaglai]

i

Fig. 4  Global distribution of the Co data Gle, A b B, 20O, S [,
Y5 and E. W
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Fig. 5  Lowal distriburion of o data file. A 10 13 200 O S0 1D, ys:
and E, 0%,

Tuble 5 Mathematical parameters for the analvses of Co. For
explanation of ahbroviations osed, see texi

Methiod used

Caleulated =
parnmeter Wi AA sr Fx Tnal
N I4 T b 14 i

e 143 2 114 Rt M
M 03 2 3 415 1.53
My nm LA LT A48 .04
Ay .16 1.B5 1.3 53 ].45
Ko .24 184 [.34 4.0 115
oy i 19 138 - 487 iz
T, i1y .73 L.l 4 40 |4

GUY (b, =1, 344 400

From the analytical point of view, it scems surprising that
tur a frequently determined element such as cobalt. such large
discrepaneics in analvtical data moy oceur. One  shouly

nevertheless bear in mind that the AC-E was specially
prepared as a CRM for the rare earth elements and the
anabysis results for eohalt are only o useful by-product of no
particular interest, As (L2 ppmois an unusually low cabal
comtent in rocks, it is probably well below the concentration
range for which the instruments are routinely calibrated. The
readings by optical specrromerry and XRF were plausibly
evaluated simply by extrnpobition to lower concentration. The
greater error by ARF probably reflects the foct that 0.2 ppm ol
cothalt is cliomer 1o the ol detection by SRF than by oprical
speCTromelr

Homeever, the most remarkuble outeomie. i our view. i< that
the gnostical aoalvser applicd W the entire set of Jduta did
provide three different results which, in addition, are in fairly
good concordance with the statistical analysis upplied sepa-
rately 1o the resulis by different analytical methods. This
demonsirates the possibilities of the GT when applied 1o

nom-homogeneaus sers of data in discerning scparate data
files.

Conelusions

Wi have tried o draw attention oo onew, powerful ool for
treating analvucal dam provided by the gnosticnl theory, This
s demuonstrated by applications of the gnostical annlyser to the
data from o collaborative study” and for deriving recom-
mended values for the CRM rock AC-E. Although the GT
cannot provide RYs from insafficient data, it can reveal their
*heterngencity”. For such sets the GT is highly sensitive and
may disuagush the independent Niles even without any
additonal information. With respect 1 Py ealeulation, it also
exhibits high robustness. thus providing o theoretically based,
practical substitute for empincally derived rabust estmators,
The GT s sull being developed and its applications are very
promising. The progrim system entitled “internctive analvzer
GAZ" has been adapred for wse on an IBM PC. Readers
imterested in the GT should contact P, Kovanic,
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